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We study the edge states of fractional quantum Hall liquid at bulk filling factor v — 2/(2p + x) 
with p being an even integer and x = ±1- We describe the transition from a conductance plateau 
G = vGq = ve^ /h to another plateau G — Go/{p + x) in terms of chiral Tomonaga-Luttinger liquid 
theory. It is found that the fractional charge q which appears in the classical shot-noise formula 
Si = 2q{Ib) is q — e/(2p + x) on the conductance plateau at G = uGo whereas on the plateau 
r^ , at G = Go/(p + x) it is given by q = e/(p + x)- For p — 2 and x = ~1 an alternative hierarchy 

constructions is also discussed to explain the suppressed shot-noise experiment at bulk filling factor 
u = 2/3. 
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^Tn I The fractional quantum Hall (FQH) effect is a phenomenon observed in a two-dimensional electron system subjected 

to a strong perpendicular magnetic field. Due to the interplay between the strong magnetic field and interaction 

among the electrons as well as weak disorder, the transverse resistivity shows a plateau behavior, jm For a filling 

^ . factor 1/ — l/(odd integer), the theory predicts fractionally charged quasiparticles with charge ve. g Rececnt shot 

noise experiments in a two-terminal FQH system with a point-like constriction seem to be consistent with this 

theoretical prediction. ||^ Another aspect of edge tunneling experiments is non-linear scaling behaviors of the I — V 

characteristics. ||,H|. The chiral Tomonaga-Luttinger (TL) liquid theory seems to be successful at least as an effective 

^-^ ] theory to describe such non- linear behaviors of the tunneling current. Q 

P5 I Let us consider a two-terminal Hall bar geometry where the bulk FQH liquids has both upper and lower edges. 

O , Applying the negative gate voltage to squeeze the Hall bar, one can introduce a depleted region of electrons. This 

structure, called a point contact (PC), introduces the back-scatterred current Ii, due to the quasiparticle tunnneling 

through the bulk FQH liquid. In the TL model backward scattering plays the role of periodic potential barrier with 

C^ I respect to the bosonic fields. H] Based on this model subsequent theoretical works have shown that the fractiopnal 

^ charge oof a quasiparticle could in principle be detected in terms of the quantum shot noise in the weak back-scattering 

^^ ; phase, § 

(N ■ Si,{cu)^ dt COS cjt{{It{t),hm): (1) 

O ■ J-oo 

o\ : 

^\ : where lb = ve'^/h — I. The shot noise spectrum reduces to the classical shot noise formula Sj^ ~ '^qih) for uj — 
^i ' (white noise). 

C^ ] The bulk hierarchy theory for filling factors v = m/{mp + x) predicts the existence of fractionally charged quasi- 

particle with charge q = e/{mp -\- x), which differs from ve for to y^ 1. [^ In fact Reznikov et. al. observed a charge 
e/5 in the shot-noise experiment at ly = 2/5, llfl] which seems enough to convince us that the fractional charge 
observed in the shot-noise experiment is neither a filling factor nor a conductance, but the charge of current-carrying 
quasiparticles. 
^ , In this paper we describe the transition from a conductance plateau G = uGq = ve'^/h to another plateau G = 

;V ■ Go/(p + x) ill terms of the reconstruction of two-channel edge modes. For zero gate voltage a two-channel edge mode 
.{^ , is derived from the bulk hierarchy theory ai v = 2/(2p -|- x)- fl^l ^ finite gate voltage introduces the tunneling of 
^^ ■ quasiparticles through the bulk FQH liquid. These tunnelings play the role of scattering potential barrier for the 
^ ' 1 -|- 1-dimensional effective theory. The tunneling amplitude, or equivalently the height of potential barrier for each 
channel is in general quite different. As the gate voltage is increased, one of the phases corresponding to the stronger 
tunneling channel tends to be pinned but the other remains almost free. We identify this situation as the plateau of 
conductance at G = Go/{p + x)- The shot noise spectrum is calculated perturbatively in these plateau region. The 
results are compared with the recent experiment of the suppressed shot-noise measurement. 

We describe the edge states of FQH liquid at v = 2/(2p + x) by the following two-component chiral TL liquid 
theory. |l|,0 

/:^L---if"'3^^--y"''f^^ + ^^l (2) 

Ait dt dx Stt I dx dx dx dx j 



where (/)=*== 0" ± </>' with 4>^{4>^) being the edge mode propagating near the upper (lower) boundary of the system. 
a,f3 = 1,2 corresponds to the Landau level indices for the composite fermions (pseudospin) or the real spin indices. 
Another basis on which we will work is the charge-(pseudo)spin basis, (j>p,o- = 0i ± 02- 

Universal properties of bulk FQH liquid could be classified by the so-called K-matrix and charge vector t. The 
standard construction of the X-matrix at a hierarchical filling factor v — m/(mp + x) ('ti: integer, p: even integer, 
X = ±1 gives us K = x^m + pCm in the unitary basis t'^ — (1,1), |ll|] where Im,Cm are m x m identity and 
pseudo-identity matrices. For m = 2 it reduces to 



K = 



p + X P 
P P + X 



(3) 



which can be identified with the matrix K in Eq.(l). After a linear transformation we obtain a charge boson and 
a neutral boson, which has Kp = i//2 = l/(2p -I- x), K„ = 1, respectively, x correspons to the chirality of the edge 
modes. For x = 1 charge and (pseudo)spin modes propagate in the same direction (co-propagate), whereas for x = ^1 
they are counter-propagating. In this paper we focus on the (bulk) filling factors v — 2/(2p -I- x) with p being an even 
integer and x = if- 

Let us consider x = 1, e.g., v — 2/5. The elementary quasiparticles are predicted to have charge e/(2p + 1), and 
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not 2e/(2p-|- 1). They can be written in terms of the boson fields near the edge of the sample as, e 
For p = 2 we identify these elementary quasiparticles with charge e/5 as the current-carrying particles in the recent 
shot-noise experiment at j/ = 2/5. Due to the finite amount of energy to create a quasiparticle, the tunneling of 
quasiparticle is allowed only in the vicinity of PC, which induces the following potential barrier. 



uid{x) cos (p'l + U25{x) cos cj). 



2 ■ 



(4) 



Here we assumed that the tunneling amplitude of quasiparticles with charge 2e/5 is negligiblly small. ||lj] In Ref. |1C|] 
the two-terminal conductance shows a transition from a plateau at G = (2/5)e^//i to another plateau at G = (l/3)e^/ft- 
as the constriction is increased. On this plateau they observed a current-carrying particle with charge e/3. The filling 
factor near the PC is considered to be i^ = 1/3. Hence a single-channel edge mode with Kp = 1/3 is expected near 
the PC. (Fig.l) 
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FIG. 1. Edge reconstruction for v = 2/5: The two-terminal conductance shows a transition from a plateau at G = (2/5)e^//i 
to another plateau at G = (l/3)e^/ft as the constriction is increased. On the second plateau the filling factor near the PC 
would be 1/ = 1/3. A single-channel edge mode with Kp = 1/3 is expected near the PC. This means that there is a step of filling 
factors by Ai^ = 1/15 between the bulk and PC. Another edge moge is expected along this step, which has only one channel 
with Kp — 1/15. Whereas near the PC a single-channel edge mode with Kp = 1/3 is expected, say, near the upper boundary 
of the sample. These two edge modes approach one another as they propagate far from the PC. In this region we can describe 
the edge modes by an effective action (2) with K = diag(3, 15). The quasiparticles corresponding to the two independent FQH 
liquids have charges e/3 and e/15, respectively. However the quasiparticles with charge e/15 are not detected in the shot-noise 
experiment since the tunneling current is not affected by such quasiparticles. On the other hand in the region where the physics 
is completely unaffected by the gate, the matrix K in (2) should be given by Eq. (3) with p — 2,x ~ l, since the elementary 
quasiparticle should have charge e/5. Hence an "edge reconstruction" is expected from K — diag(3, 15) to it as they propagate 
from the vicinity of PC to the edge of "bulk" FQHL. 

For ly = 2/3 the situation is slightly different. We have at least two constructions of the edge modes for this 
filling factor. ||l^ One comes from the standard hierarchy in the bulk (3) with p = 2, x = —1. The elementary 
quasiparticles have a charge e/3, which is consistent with the shot-noise experiment &i v = 2/3. B The scattering 
potential barrier due to the tunneling of quasiparticles at the PC takes the same form as Eq. (3). However a naive 
shot-noise experiment cannot distinguish between this standard hierarchy construction and the second construction, 
which is called two independent v — 1/3 Laughlin states, K = 3/2. p3| The elementary quasiparticles have a charge 
e/3 again. In order to distinguish the above two states in terms of the suppressed shot-noise measurement we have 
to study the plateau transition as the gate voltage is increased, to which we will come later. 

Let us begin with a general discussion on the plateau transition at bulk filling factor v — 2/(2p + x) in terms of 
our TL model: (2)-|-(4) with (3). Consider the renormalization group (RG) phase diagram in the u-plane, where 
u = (mi, ^2)- The direction of flow is defined such that it scales to lower energies. We have at least four fixed points 
in our u-plane; u — (0, 0), (0, cxd), (00, 0) and (00, 00). The origin of this plane corresponds to the conductance plateau 
at G = ve^/h. A standard RG analysis shows that only the fixed point at m = (00,00), which we indentified as 
a Hall insulator, is infra-red (IR) stable, since both ui and U2 are relevant near these four fixed points except for 
p = 2, X = —1. We introduce a small negative gate voltage to the system on the conductance plateau dXv = 2/{2p+~x). 
Let us start our RG flow from the point where wi <IC U2 <C qV , which is in the vicinity of IR-unstable fixed point 
u = (0,0). In our RG analysis qV plays a role of high-frequency cut-off of the system. The assumption that the 
tunneling amplitudes are different for different species of quasiparticles seems to be quite natural in the experiment. 
|l5[ In the following we fix the gate voltage and consider the zero temperature for simplicity. Then the scaling is 
controlled by the voltage difference between the two reservoir, or qV . As the voltage is decreased, both ui and U2 
scale to larger values. But due to the assumption ui <C M2 ^ 1, U2 increases much faster than ui. Hence the RG 
flow passes near the point u = (0, 00). One flnds that u — (0, 00) is a saddle point of the RG flow corresponding to 
the G = Go/{p + x) conductance plateau. After passing through this region, our RG flow goes to the attractive flxed 
point u = (00, 00), which corresponds to the zero conductance except for p + x = 1- Remember that the filling factor 
v = 2/3 corresponds to this exceptional case. In the following the shot-noise spectrum is calculated pertubatively for 
(1) small ui, U2 and (2) small ui with U2 — > 00. 

(1) Shot-noise spectrum for small ui,U2'- In the vicinity of our starting point of the RG flow, where ui,U2 <SC qV, we can 
employ a perturbation theory with respect to ui and U2- Let us begin with expressing the tunneling current operator 
h in terms of the bosonic fleld, Ib{t) = ig(uie*"*j'(^='^) + M2e"^^(="=°)) + H.c, where q = (j^/2le = e/{2p + x). The 
voltage difference between the two resevoirs can be introduced by letting ui.2 — > Mi,2e~*^^*. [ |l6| The current-current 
correlation is calculated to be 

''/S' / „2 \ 2/2^ 



{I,{t)hiO))^2q'i\u,\' + \u2\')cos{qVt)[-^^-^j y^^r^^^] , (5) 

where we have introduced a short distance cutoff a. Vc, Vs are diagonal components of the matrix V in the charge-spin 
basis. Eq. (5) gives us the noise spectrum up to the order of |up. 

Si, = q{h) (|1 - io/qV\"'^ + |1 + U^/qV]"'^) , (6) 

where we have used |P| 

(^^) - 4 - W = r^r.'r, .1 (l"lP + I"2P) "^{qVr''. (7) 



h ^ ' r[^/2 + i]^' - ' ' - ' ^^n 



V. 



For \uj\ -C qV we recover the classical shot-noise formula with q — [yjl^e — e/(2p + x). 

(2) Shot-noise on G = Go/{p + x) plateau: Let us consider the case where either ui or U2 becomes infinitely large, 
e.g., consider u — (ui, cw), ui <C qV . In this case the phase (l)2{x = 0) is pinned at one of the minima of infinitely deep 
scattering potential U2- We are allowed to employ a perturbation theory with respect to ui with the phase 02 (a^ = 0) 
fixed. One obtains basically the same result as the single-channel case with Kp = l/(p + x); 



Si,=q{h)[\l-u/qV\-^ ^ + \l+Uj/qV\-^ ' 



{I) 



2TTq 



P + Xh T[2/{p + x)] 



\Ui\ OP+x' 



-{qV)-' 



(8) 



where q — e/(2p + 1), and vi is a renormalized velocity of the first channel. 

Let us think of applying Eqs. (5)-(8) to x = ~1- When x = —1, the edge modes are counter-propagating, which 
might lead us to qualitatively different physics if random equilibration between the edges should be taken into acount. 
|l7| But in the following we switch ofFramdom impurity scattering so that the physics for small ui, U2 is well described 
by Eqs. (5)-(7). For p = 2, x = — 1 one sees that the RG phase diagram has two domains, i.e., a weak scattering 
phase and a strong scattering phase, separated by a separatorix. (Fig. 2) However even in this case Eq.(5)-(8) still 
make sence in the the weak scattering phase of the RG phase diagram. However as the RG flow goes into the strong 
scattering phase the system begins to look differently from the other cases. In the vicinity of, say, u = (0, oo), a 
plateau behavior of the conductance is expected at G = e^/ft-, on which the physics is essentially described by a 
single-channel edge mode. The difference is in that this edge mode is robust against quasiparticlc tunnling through 
the bulk, i.e., ui is marginal for the ideal case, and becomes irrelevant when the interaction with another counter- 
propagating edge mode with Kp = 1/3 is taken into accouont. |18] (Fig. 2) This means that we have two additional 
attractive fixed points in the present case at m = (0,oo) and at u = (oo,0). A separatorix is expected between the 
weak and strong coupling phase, since both ui and U2 are attractive in the vicinity on u = (cxd, cxd). At any rate the 
conductance shows a transition from the G = (2/3)e^//i plateau to another plateau G — e'^/h as the costriction is 
strengthened. Therefore one way to validate the standard hierearchy state (3) is to observe a charge q — e in the 
shot-noise experiment at bulk filling factor v — 2/3. 
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FIG. 2. RG flow diagram in the u-plane for K — —I2 + 2C2: Paths of RG flow are shown for tunnehng amphtudes of 
quasiparticles Ui,«2- The direction of flow is headed for lower energies, u — (0,0) corresponds to the conductance plateau at 
G = ve^ /h, but this point is infra-red (IR) unstable in the RG sense. The RG flow goes toward either of the IR-stable fixed 
points u = (0, 00) or u = (00, 0) depending on the initial value of ui and U2. They corresponds to an integer quantum Hall (IQH) 
conductance plateau G — e^/h. However we have another attractive (IR-stable) fixed point at u = (cxa, 00) corresponding to 
the zero conductance. Between (00, 00) and (0, cxd) or between {00, cxd) and (00, 0) one is supposed to work on K — diag(l, —3), 
since another edge moge is expected along the step of filling factors Av — —1/3 between the bulk and PC, which plays the 
role of second channel. The phase diagram of this system has a separatorix between the two IR-stable fixed points when 
inter-channel interactions are taken care of. Therefore our phase diagram has two domains and the G — ve^ jh conductance 
plateau is not smoothly connected to the zero conductance phase in a RG sense. 

However reports on the suppressed shot-noise measurements at bulk filling factor v — 2/3 seems to be inconsistent 
with the standard hierarchy construction (3). |0] One is inclined to study an alternative construction. Let us choose 
K = 3/2. The phase diagram is trivial for this construction. In the weak scattering phase one obtains q = e/3. But 
on the second plateau u ^ (0, 00) or u ~ (00, 0) one also gets e/3. After passing this second plateau at G = Go/3 the 
conductance goes smoothly to zero, which seems more realistic for the experiments. 

Finally we compare our results with the "global phase diagram" in the quantum Hall effect. |I^ We described the 
plateau transition at bulk filling factor v — 2/{2p + x) in view of the RG flow phase diagram for 1 -I- 1-dimensional 
effective theory. As the system scales to lower energies, succeessive transitions of the conductance are expected: 
G = 2Go/{2p + x) — »■ Go/{p -I- x) — > 0. The first transition corresponds to the one from a i^ = 2 integer quantum Hall 
(IQH) state to a i^ = 1 IQH state for composite fermions, each carrying two flux quanta. A direct (an anomalous) 
transition from G = 2Go/(2p -|- x) to a Hall insulator EG] is allowed only when both ui and U2 are the same order. 
Otherwise our RG flow picture is consistent with the one in Ref. [^ except for p = 2, x = — 1. Another difference is 
that the direction of the transition is specified in our case. A generalization to the filling factors v — rn/{mp + x) is 
straightforward, but not discussed here in more detail. 

Before ending this paper we would like to comment that the transverse resistivity pxy and the tunneling exponent 
a behave quite differently as a function of l/iy. The plateau behavior of pxy is the essence of FQH effect. Observed 
factional charges in the shot-noise experiments look also quantized on the plateaux of the condutance. However it 
is not the case with the exponent a for the tunneling into FQH liquids. The experiment by Grayson et. al. shows 
that the exponent a for the I — V characteristics looks continuously varying as a '^ l/v even in a given plateau. 
H Therefore our present goal would be a unified description of the plateau and continuous behaviors of physical 
quantities. 

In conclusion we studied the transition of conductance from the bulk value G = vGq — ve^ /h to another plateau 
G = Go/(p + x) in terms of chiral Tomonaga-Luttinger liquid theory. We calculated the shot-noise spectra near these 
conductance plateaux at zero temperature. We found that the suppressed shot-noise measurement at bulk filling 
factor v — 2/5 is well described by the standard construction of X-matrix. 
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